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22 Wheelset

22.1 General Information

The wheelset is an IDE of dimension 17 which shows some typical properties of simulation problems in
contact mechanics, i.e., friction, contact conditions, sti�ness, etc.. This problem is originally described
by an index 3 IDE with additional index 1 equations, but can be reduced to index 2. Test results are
based on the index-2 formulation. This problem was contributed by Bernd Simeon, Claus F�uhrer, Peter
Rentrop, Nov. 1995. Comments to simeon@ma.tum.de or Claus.Fuhrer@na.lu.se. See also [SFR91].

The software part of the problem is in the �le wheel.f available at [MM08].

22.2 Mathematical description of the problem

The index 3 formulation of the wheelset problem reads

_p = v; (II.22.1)

M(p)

�
_v
_�

�
=

�
f(u)� (@g1(p; q)=@p)

T
C�

d(u)

�
; (II.22.2)

0 = g1(p; q); (II.22.3)

0 = g2(p; q); (II.22.4)

where u := (p; v; �; q; �)T 2 IR17, p; v 2 IR5, � 2 IR, q 2 IR4, � 2 IR2 and C is a scalar constant.
Furthermore, M : IR5 ! IR6 � IR6, f : IR17 ! IR5, d : IR17 ! IR, g1 : IR

9 ! IR2 and g2 : IR
9 ! IR4.

The integration interval is from 0 to 10 [s].
For the index 2 formulation of the problem (II.22.3) is replaced by

0 = (@g1(p; q)=@p) v: (II.22.5)

The non-zero components of the consistent initial values u(0) := u0 and u
0(0) := u00 are given by

u0;1 0:1494100000000000 �10�2

u0;2 0:4008900000000000 �10�6

u0;3 0:1124100000000000 �10�5

u0;4 �0:2857300000000000 �10�3

u0;5 0:2645900000000000 �10�3

u0;12 7:4122380357667139 �10�6

u0;13 0:1521364296121248
u0;14 7:5634406395172940 �10�6

u0;15 0:1490635714733819
u0;16 �0:8359300000000000 �10�2

u0;17 �0:7414400000000000 �10�2

u00;6 �1:9752588940112850
u00;7 �1:0898297102811276 �10�3

u00;8 7:8855083626142589 �10�2

u00;9 �5:5333628217315490
u00;10 �0:3487021489546511
u00;11 �2:1329687243809270

The other components of u0 and u
0
0 are zero. For the index 3 formulation, the index of variables p, v,

�, q and � equals 1, 2, 2, 1 and 3. For the index 2 problem, these numbers read 1, 1, 1, 1 and 2.
The equations are given in detail in the next subsections, in which some references to the origin

of the problem, treated in x22.3, are already given. Table II.22.1 lists all problem parameters.

22.2.1 Di�erential equations

The position coordinates p are de�ned as

p :=

0
BBBB@

x
y
z
�
'

1
CCCCA

lateral displacement
vertical displacement
longitudinal displacement
yaw angle
roll angle

http://www.dm.uniba.it/~testset/src/problems/wheel.f
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and the contact variables as qT :=
�
 L �L  R �R

�
with

�LjR := coordinate of the contact point left/right;

 LjR := shift angle left/right:

The �rst three equations in (II.22.2) yield the momentum equations:

mR �x = mR

�
2 v0 � cos� _z + v20 � cos� (1 + � (x cos�� y sin�))

�
+TL1

+ TR1
+Q1 �mR ~g sin�� b1;1 �1 � b1;2 �2 � 2 cx x ;

mR �y = �mR

�
2 v0 � sin� _z + v20 � sin� (1 + � (x cos�� y sin�))

�
+TL2

+ TR2
+Q2 �mR ~g cos�� b2;1 �1 � b2;2 �2 ;

mR �z = mR

�
�2 v0 � ( _x cos�� _y sin�) + v20 �

2 z
�

+TL3
+ TR3

+Q3 + FA � b3;1 �1 � b3;2 �2 ;

where bi;j denotes the (i; j) element of the constraint Jacobian @g1(p; q)=@p. The next three equations
yield the spin equations:

I2 �� cos' = � _� _' sin'+ v0 �
�
_'(sin� cos � cos'+ cos� sin')� _� sin� sin � sin'

�
�I1 (!0 + �) ( _'� v0� sin � sin�)

�(I1 � I2)
�
_� sin'� v0 � (cos � cos' sin�+ sin' cos�)

�
�
_'� v0 � sin� sin �

�
+
h
�(�L sin � +R(�L) sin L cos � cos')TL1

�R(�L) sin L sin'TL2

+(��L cos � +R(�L) sin L sin � cos')TL3

i
+
h

corresponding terms of the right side
i

� cos � sin'M1 + cos'M2 + sin � sin'M3 � b4;1 �1 � b4;2 �2 ;

I2 �' = I2 _� v0 � sin� cos �

+I1 (!0 + �)
�
_� cos'+ v0 � (cos � sin' sin�� cos' cos�)

�
+(I1 � I2)

�
_� sin'� v0 �(cos � cos' sin�+ sin' cos�)

�
�
_� cos'+ v0 �(cos � sin' sin�� cos' cos�)

�
+
h
�(�L cos � sin'�R(�L) cos L cos � cos')TL1

+(�L cos'+R(�L) cos L sin')TL2

+(�L sin � sin'�R(�L) cos L sin � cos')TL3

i
+
h

corresponding terms of the right side
i

+sin �M1 + cos �M3 � b5;1 �1 � b5;2 �2 ;
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I1 ( _� + �� sin') = _� _' cos'� v0 � ( _'(cos� cos'� sin� cos � sin')� _� sin� sin � cos')

+
h
�R(�L) (cos L sin � + sin L cos � sin')TL1

+R(�L) sin L cos'TL2

�R(�L) (cos L cos � � sin L sin � sin')TL3

i
+
h

corresponding terms of the right side
i

+cos � cos'M1 + sin'M2 � sin � cos'M3 + LA :

The forces Q and moments M of the wagon body satisfy the following equations:

Q1 = mA ~g
cos�

�
v2
0
�

~g � tan�
�

(lateral force),

Q2 = �mA ~g cos�
�
v2
0
�

~g tan�+ 1
�

(vertical force),

Q3 = �2 cz z (longitudinal force),

M1 = 0
M2 = Q3 xl (yaw moment),

M3 = �hAQ1 (roll moment),

0 = cos �M1 � sin �M3 (no pitch moment).

The creep forces TL1;2;3
and TR1;2;3

of the left and right contact point are obtained via the transfor-
mation 0

@ TLjR1

TLjR2

TLjR3

1
A =

0
@ sin � cos � cos�LjR � cos � sin�LjR

0 � sin�LjR cos�LjR

cos � � sin � cos�LjR � sin � sin�LjR

1
A
0
@ T1LjR

T2LjR

0

1
A ;

where T1LjR
and T2LjR

denote the creep forces with respect to the local reference frame of the contact
point and � stands for the left and right side, respectively. The creep forces are approximated by

T1LjR
:= ��NLjR tanh

�
GC11c

2

�NLjR
�1

�
;

T2LjR
:= ��NLjR tanh

�
GC22c

2

�NLjR
�2 +

GC23c
3

�NLjR
'3

�
;

and corrected by

if T 2
1 + T 2

2 > (�N)2 ; then

~T1 :=
T1p

T 2
1 + T 2

2

�N and ~T2 :=
T2p

T 2
1 + T 2

2

�N:

The constant parameters
�;G;C11; C22; C23

(friction coe�cient, glide module, Kalker coe�cients) are listed in Table II.22.1. For the computation

of c, the size of contact ellipse, which uses the parameters �, bG and �, we refer to [Jas87]. For
alternative creep force models see also [Jas87].

The normal forces N are given by�
NL

NR

�
= 

�
cos�R � sin�R

� cos�L � sin�L

��
b1;1 b1;2
b2;1 b2;2

� �
�1
�2

�
;
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where

 :=
1

sin�L cos�R + sin�R cos�L
:

Here, �LjR denotes the contact angles and is de�ned as

tan�L =
(R0(�L) cos'� sin' cos L) cos � + sin L sin �

�R0(�L) sin'� cos L cos'
;

tan�R =
(R0(�R) cos'� sin' cos R) cos � + sin R sin �

+R0(�R) sin'+ cos R cos'
:

For the creepages we have the relations

�1 =
1

vroll
(sin �vr1 + cos �vr3)

�2 =
1

vroll
(cos � cos�LjRvr1� sin�LjRvr2 � sin � cos�LjRvr3)

'3 =
1

vroll

�
� sin�LjR(! + � � v0 � sin�) + cos�LjR( _� � v0 � cos�)

�
where vr1;2;3 (relative velocity at the contact point) and vroll (rolling velocity) are given by (corre-
spondingly for the right side)

vr1 = _x� _�(R(�L)(sin � sin' cos L + cos � sin L) + �L sin � cos')

� _' cos �(�L sin'�R(�L) cos' cos L)

+(!0 + �)R(�L)(� sin � cos L � sin' cos � sin L)

+v0� cos�(R(�L)(sin � sin' cos L + cos � sin L) + �L sin � cos'� z);

vr2 = _y + _'(�L cos'+R(�L) sin' cos L) + (!0 + �)R(�L) cos' sin L

+v0� sin�(z � �L sin � cos'�R(�L)(sin � sin' cos L + cos � sin L));

vr3 = _z + v0 + v0�(x cos�� y sin�)

� _�(�L cos � cos'+R(�L)(cos � sin' cos L � sin � sin L))

+ _' sin �(�L sin'�R(�L) cos' cos L)

+(! + �)R(�L)(sin � sin' sin L � cos � cos L)

�v0� sin�(�L sin'�R(�L) cos' cos L)

+v0 cos�(�L cos � cos'+R(�L)(cos � sin' cos L � sin � sin L));

and

vroll =
1

2


0
@ �2 _x+ 2v0�z cos�

�2 _y � 2v0�z sin�
�2 _z � 2v0 � 2v0�(x cos�� y sin�)

1
A+

0
@ vr1

vr2
vr3

1
A

2

:

22.2.2 Constraints

The constraints (II.22.3) read�
G(�̂L)� y � �L sin'+R(�L) cos' cos L
G(�̂R)� y � �R sin'+R(�R) cos' cos R

�
= 0
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Figure II.22.1: Pro�le functions (left side).

with pro�le functions R (wheel) and G (rail), see Figure II.22.1,

R(�) = �0 + tan �0 (a0 � j�j) for a0 ��a < j�j < b2 ;

G(�̂) =

r
�21 �

�
j�̂j � a0 � �1 sin �0

�2
� �0 � cos �0 �1 for c1 < j�̂j < c2 :

Here, � stands for the left or right coordinate �L=R, respectively, and �̂ is de�ned by

�̂LjR := x+ �LjR cos � cos'+R(�LjR)
�
cos � sin' cos LjR � sin � sin LjR

�
:

The constraints (II.22.4) read

G0(�̂L) (R
0(�L) sin'+ cos' cos L) +R0(�L) cos � cos'

� cos � sin' cos L + sin � sin L = 0;

R0(�L) sin � cos'� sin � sin' cos L � cos � sin L = 0;

G0(�̂R) (R
0(�R) sin'+ cos' cos R) +R0(�R) cos � cos'

� cos � sin' cos R + sin � sin R = 0;

R0(�R) sin � cos'� sin � sin' cos R � cos � sin R = 0;

where G0(�̂LjR) :=
d

d�̂LjR
G(�̂LjR) ; R

0(�LjR) :=
d

d�LjR
R(�LjR).

22.3 Origin of the problem

The motion of a simple wheelset on a rail track exhibits a lot of the di�culties which occur in the
simulation of contact problems in mechanics. The state space form approach for this class of problems
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Table II.22.1: Parameter values according to [Jas90], where a hardware bogie model, scaled 1:4, is investigated.

Parameter Meaning Unit Value
mR mass wheelset kg 16.08
~g gravity constant m/s2 9.81
v0 nominal velocity m/s 30.0
FA propulsion force N 0
LA propulsion moment kg m2 0
� describes track geometry 0
� describes track geometry rad 0
!0 nominal angular velocity 1/s v0=�0
I1 lateral moment of inertia kg m2 0.0605
I2 vertical moment of inertia kg m2 0.366
mA mass of wagon body kg 0.0
hA height of wagon body m 0.2
cx spring constant N/m 6400.0
cz spring constant N/m 6400.0
xl width of wheelset/2 m 0.19
�0 cone angle/2 rad 0.0262
�0 nominal radius m 0.1
a0 gauge/2 m 0.1506
�1 radius track m 0.06
� friction coe�cient 0.12
G glide module N/m2 7.92 � 1010

C11 Kalker coe�cient 4.72772197
C22 Kalker coe�cient 4.27526987
C23 Kalker coe�cient 1.97203505bG parameter for computation of contact ellipse 0.7115218
� parameter for computation of contact ellipse 1.3537956
� parameter for computation of contact ellipse 0.28
C scaling factor for Lagrange multipliers 104
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(a)

(b)

Figure II.22.2: The wheelset and the track. (a) View from above, (b) lateral cross section.

requires simpli�cations and table look ups in order to eliminate the nonlinear constraints. The above
example provides thus an alternative by using the IDE approach.

Figure II.22.2 shows the mechanical model. The coordinates p denote the displacements and
rotations of the wheelset with respect to the reference frame which is centered in the middle of the
track. The wheelset is subjected to

� the gravity and centrifugal forces;

� creep forces in the contact points of wheel and rail;

� forces of the wagon body, which is represented by a frame connected to the wheelset via springs
and dampers and proceeding with constant speed v0;

� constraint forces which enforce the contact of wheel and rail on both sides.

We are particularly interested in a complete and correct formulation of the nonlinear constraint equa-
tions. An elimination of the constraints without severe simpli�cations or the introduction of tables for
the dependent variables is impossible. In this example thus a reduction to state space form involves
various obstacles, whereas the IDE formulation is straightforward.

Equations (II.22.1){(II.22.2) stand for the kinematic and dynamic equations with positive de�nite
mass matrix M(p). By means of the pro�le functions R and G which describe the cross sections of
wheel and rail depending on the contact points we �rst express the constraint equations as 0 = g1, see
Figure II.22.3. These constraints are of index 3 and enforce that the contact points of wheel and rail
coincide on both sides. Additionally, we have to guarantee that wheel and rail do not intersect, which
is accomplished by the conditions 0 = g2. Note that @g2=@q is regular, which means that we can
apply formally the implicit function theorem to eliminate the additional contact variables q and that
these constraints are of index 1. The equations of motion of the wheelset are then derived by applying
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Figure II.22.3: Shift angle and coordinate of contact point on the left side.

the formalism of Newton and Euler. Here we used the property that this class of contact problems
(@g1=@)q _q � 0. This also implies that if we, in order to get the index 2 formulation, di�erentiate the
constraint (II.22.3) with respect to t, then we get

0 =
dg1
dt

(p; q) =
@g1
@p

_p+
@g1
@q

_q =
@g1
@p

_p�
@g1
@q

�
@g2
@q

��1
@g2
@p

_p;

which simpli�es to (II.22.5).

Remarks

� N(p; q; �) 2 IR2 denotes the normal forces which act in the contact points. They are necessary
to evaluate the creep forces.

� The variable � 2 IR denotes the deviation of the angular velocity and is given by an additional
di�erential equation.

� The parameters � and � describe the track geometry. The setting � = � = 0 refers to a straight
track.

� The constant C in (II.22.2) means that we internally scaled the Lagrange multipliers.

The initial values correspond to a setting in which the dynamic behavior of the wheelset model
is investigated when the wheelset starts with an initial deection in lateral direction (x-direction) of
0:14941 [cm]. In [Jas90], a limit cycle was observed for this problem and the model data given above.
This type of limit cycle, the so-called hunting motion, is a well known phenomenon in railway vehicle
dynamics. In Figure II.22.4 we see this limit cycle as computed by DASSL applied to the index-2
formulation of the problem. The results are in good agreement with those given in [Jas90], which were
obtained by a state space form approach and with measurements on a hardware model.

22.4 Numerical solution of the problem

Tables II.22.2{II.22.3 present the reference solution at the end of the integration interval, and the run
characteristics, respectively. Figure II.22.5 shows the the behavior of the components of p and the
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Table II.22.2: Reference solution at the end of the integration interval.

u1 0:86355386965811 � 10�2

u2 0:13038281022727 � 10�4

u3 �0:93635784016818 � 10�4

u4 �0:13642299804033 � 10�1

u5 0:15292895005422 � 10�2

u6 �0:76985374142666 � 10�1

u7 �0:25151106429207 � 10�3

u8 0:20541188079539 � 10�2

u9 �0:23904837703692

u10 �0:13633468454173 � 10�1

u11 �0:24421377661131
u12 �0:33666751972196 � 10�3

u13 �0:15949425684022
u14 0:37839614386969 � 10�3

u15 0:14173214964613
u16 �0:10124044903201 � 10�1

u17 �0:56285630573753 � 10�2

Table II.22.3: Run characteristics.

solver rtol atol h0 mescd scd steps accept #f #Jac #LU CPU

DDASSL 10�4 10�4 1:35 0:15 5949 5117 10304 1407 0.3250
10�5 10�5 2:78 1:40 9888 8667 16150 1815 0.4782
10�6 10�6 3:67 2:32 16010 14298 25256 2577 0.7213

MEBDFI 10�4 10�4 10�4 1:32 0:12 5758 5188 42694 1185 1185 0.4031
10�5 10�5 10�5 3:93 2:59 9317 8485 64945 1765 1765 0.6266
10�6 10�6 10�6 4:89 3:22 13240 12255 86260 2248 2248 0.8560

PSIDE-1 10�4 10�4 1:53 0:42 1276 945 22090 547 4920 0.5134
10�5 10�5 2:81 1:67 2335 1507 39204 608 8752 0.8384
10�6 10�6 4:52 3:34 3070 2068 54074 571 10736 1.0775

angular velocity � over the integration interval. Figures II.22.6- II.22.7 contain the work-precision
diagrams. For this diagrams, we used: rtol = 10�(4+m=8), m = 0; 1; : : : ; 48; atol = rtol, h0 = rtol for
MEBDFI. .

Remarks

� The Jacobian was computed internally by the solvers.

� For the runs with DASSL, we excluded the Lagrange multipliers from the error control by setting
atol(16)=atol(17)=rtol(16)=atol(17)=1010.

� The reference solution was computed using DASSL with atol = rtol = 10�9 for p, v and q, and
atol = rtol = 1010 for �.
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Figure II.22.4: Limit cycle or `hunting motion' of wheelset.
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Figure II.22.5: Behavior of some solution components over the integration interval.
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Figure II.22.6: Work-precision diagram (scd versus CPU-time).
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Figure II.22.7: Work-precision diagram (mescd versus CPU-time).
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