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The Mathematics of Stiffness. Evolution of a Concept.

The notion of stiffness was introduced in 1952 by Curtiss and Hirschfelder. It was recognized that some well-posed
initial value problems required dedicated implicit methods. For many years, attempts were made to characterize
stiffness. A significant issue was that mathematical problem properties were mixed with operational criteria
describing how a given method interacted with the problem, e.g. in terms of discretization errors and the accuracy
requirement. Here we introduce a new criterion based exclusively on properties of the differential equation’s vector
field. Thus we construct a functional on the vector field, which defines a local reference time scale. The latter is
compared to the range of integration, or to the desired time step. Stiffness is characterized by a large ratio of the
range of integration to the local reference time scale. This characterization can be computed along the solution
trajectory, quantifying the (possibly changing) character of the solution. We show that the mathematically necessary
condition for stiffness in principle only depends on the divergence of the vector field of the ODE, and on the range of
integration. We will explain and illustrate the new theory with numerous examples of how stiffness can be identified
also in strongly nonlinear systems. Time permitting, we will also discuss cheap stiffness estimators for
implementation in standard solvers.
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